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A generic gearbox containing one spur gear pair is examined using the statistical energy
analysis with emphasis on the vibratory energy flow through rolling element bearings. A new
analytical procedure has been developed to determine the associated coupling loss factor.
Resulting formulation is applied to the NASA helicopter gear noise test facility. Vibro-
acoustic predictions at the fundamental gear mesh frequency are found to be in reasonable
agreement with measurements even though many simplifying assumptions are made. Such a
model can be used for parametric design studies.
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Introduction

Vibro-acoustic response of geared systems at low operating
speeds can be simulated fairly reliably using deterministic
modeling techniques such as lumped parameter method and fi-
nite element analysis (FEA)."* However, such classical tech-
niques require extensive computational efforts at high gear
mesh frequencies; difficulties may also be encountered in syn-
thesizing or interpreting the vast amount of results.** Accord-
ingly asymptotic or statistical methods are more suitable at
higher response frequencies.*!® In particular, the statistical en-
ergy analysis (SEA) method has been used by several investiga-
tors. For instance, Lyon has shown that the SEA predictions of
path transfer functions compare well with measurements of
complex structural systems and that the lumped model is inad-
equate at higher frequencies.® Complex gear drives in automo-
tive, helicopter and marine applications have been examined
using SEA.*6 "4 In these investigations, broad band transfer
functions and vibratory power flow have been estimated. How-
ever, an analytical procedure for the coupling loss factor associ-
ated with the rolling element bearing, which is an integral part
of the dominant structure-bome path, is yet to be described. To
fill this void in the literature, a new SEA model is described in

this paper. A generic gearbox is considered and a simple
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source-path receiver model is constructed and validated
through one practical example.

SEA Formulation

Assumptions. A generic gearbox as shown in Fig. 1 is consid-
ered. This simple system consists of four identical bearings, two
identical casing plates and shafts carrying one spur gear of
speed ratio equal to unity. Prime mover and load are not in-
cluded as it is assumed that they are flexibly coupled to the
gearbox. Other assumptions are as follows:

1. Consider steady state linear, time-invariant gear dynamics.
The corresponding system vibration and noise (whine) is
assumed to be at the mesh frequency , without any side-
bands, as excited by the static transmission error g;,.+15

2. During steady-state, both shafts have equal amount of vi-
bratory energy (Eg).

3. Only the structure-borne noise path is assumed since it has
been found to be the most dominant.*'?

4. Only the shaft bending vibration is coupled to the casing
flexural motion through bearings; interactions between
torsional and bending modes are ignored.

5. The vibratory energy transfer through each bearing is us-
sumed to be identical.
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6. Bearing dimensions are much smaller than the flexural
wavelength of the casing plate over the frequency range of
interest.

Modal densities for the shaft (1) and cusing plates (n,) are
approximated using ideal mmpl\ aupported geometries:
n, = L, [pd?/ (4EL©™)]%% and n,. = (A./h,) [3p {1~
w2/E "2 where p is the material density, A(_. is the plate sur-
face area, L, is the shaft length, E is the modulus of elastic-
ity, I, is the area moment of inertia of the shaft, @ is the
bandwidth center frequency. 1, is the plate thickness, d, is
the shaft diumeter, i is the Poisson’s ratio, and the sub-
scripts s and ¢ denote shaft and casing plate, respectivel:®
8. The gearbox is mounted on rigid mounts.

9. The casing plate motion is spatially uniform.

. The dissipation mechanism for this svstem includes struc-
tural damping, acoustic energy radiated from the casing
plate and the torsional vibratory energy transmitted to the
load or prime mover.

Casing plates are the primary radiators of sound in an envi-
ranment given by room constant R{w).
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Figure 1. A generic geared rotor system with casing and mounts

Theory. Application of the SEA principle results in two subsys-
tems, one internal consisting of gears. shafts and hearings, and
one external consisting of casing plates and mounts, as shown in
Fig, 2. The vibratory energy transfer from the internal subsys-
tem to the external subsystem in this case is the algebraic sum
of the energy transmnitted through four bearing connections,
similar to the single vibratory energy path concept. Since the
general solution methodology for such subsystems is well
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known, the mean- square velocity levels of the gears- s]mft‘s-
bearings subsvstem <V 3> und casing-mount subsystem <17 >
wre®:

nf{nf.f-'- 4".;\] .
MO+ 4041, T

<V3> () = {1la)

4”}“ §e”

Vi ()= .
Ve ) = s + A, F 41T

{1b)

where © is the bandwidth center frequency, 1. is the coupling
loss factor, n,, = N, /.. [I¢is the power input at the gear mesh
source, 1, is the 1ntenml subsvstem dissipation loss factor, m,. is
the casing mass and m, is the internal subsvstern total mass. ~\d—
ditionallv, 1. is the total dissipation loss fuctor for the casing
plate due to structural damping and acoustic energy radiated.
which will be formulated later,

The frequency-averaged formulation for n,,. is based on the
deterministic solution of the shaft-bearing boundarv value
problem assuming rigid casing plates. We have alreddy pro-
posed it for a single shaft-bearing, single-plate system in Refs.
16 and 17. This formulation is extended here further to exam-
ine the gearbox of Fig. 1. Note that 1. is given in terms of point
moment impedances for the shaft Z; and flat plate Z_ and of
flexural rigidity for the shaft EI, and shaft length L, in the fol-

lowing;
4EL
UJLs Ke (Z(')

For an infinite steel plate of thickness A, with circular input
patch of diameter d,, the point moment impedance Z, is given
byl

Z. 1
Z+Z,|

&

Myl — (2)

y -1
Ziw)= 3::51 {1—-—1 (20 kcds)} s kdo<<l . (3)
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Figure 2. An approximate SEA modet of a geared rotor system
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Fignre 3. Boundlariy conditions for a finite shaft-bearing system

The driving point iinpedance of the shaft Z, used in Eq. {2} is
derived next witl the boundary conditions as shown in Fig. 3.
At the left hedn‘ng end of the shaft (z=07). ¢ @02 =073=0, and
M (wz=0"1=M_ . In the frequencv domdm using the defini-
tion of bearing force vector {flo),=[K};,. [o{w)],/im in terins of
the velocity vector {v{m});, and the bearing stiffness matrix
[K];,.... these conditions are equivalent to M, (@.z=0")=3__and

F (0,07 =thky,o /hig 9 )Mot (0,0%) {(kyyo /K1 5 )% se 5,

ki) Explicit expressions for the entries of [K],, are
given in Ref. [19]. Similarl: the other bearing end of the shaft
at z=L", with zero translational and angular velocities is de-
scribed at z=L7 as

J'f\'s{m“::L.c}:_ [kbe_l.e_‘%ﬂ {U.)L; )+khyﬂ_‘.u: JOJ,L;):[/(:UJ) : (4d)

F(02=L)==[k,0 o (@, L) + KoL) flio) . 4b)

The governing equations for the bending motion of a shaft
and the assumed solution are!™;

EI v El
_ = Y _Bd s =
M=% @& ¢ BT (3a,b)
Uytzt = e + hae M+ boe™ 1+ hiefe] (6)

The modified boundary conditions can then be evaluated to
formulate an algebraic problem of the type given by

(BI b} =My, ko i g, 10/ (EID.0.0FT (M

where the nonzero elements of the coefficient mutrix {B] ure
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By definition, the bearing-shaft point moment impedance Z,
is then given by

M, (w0} kpoe
Z{w)=— = SO
Fi"i {w, 07) k,,, , b,ﬁ(m )+ ;\he o — (n0%) .

i+
’ M

Xy

Vibro-Acoustic Response. Input power T by the gear mesh
elastic force Fy=k;e,¢" is given by Hj{m,, =0.5(ke, )*Re

{VZ Aoy, }} where k, is the gear mesh stiffness. Assuming the ex-
citation is far removed from the boundaries, the driving point
impedance is Z=2p A c {1+ Hiown, where p;, A, and ¢, are the
density, cross sectional area and wave speed of the shaft respec-
tively, and m is the gear mass.™ Note that IT; can be increased
bva Ingher amphtude of gear transmission error ¢, and a lower
He{ V/Z¢{w;)}. For a specific example such as the NASA gearbox
considered here. these parameters are generallv known; hence
My is specified. The total dissipation loss factor 1 ¢ for the cas-
ing of area A, mass m,, and radiation efficiencyv g, is

4.0 (W)

wm, (10)

Nerwi=n.+

where z, is medium characteristic impedance and 1, is due to
casing plates structural damping. Here, two o, models are
used: (a} 6,,=1.0 tor an ideal radiator as seen for many practical
gearboxes over the frequency range of interest. and (b} 6,; fora
simply-supported rectangular plate.'>® For the internal sub-
system, the dissipation loss fuctor is assumed to be n,=yn,
where ¥21 due to additional losses at the gears. bearings and
loadl.
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Sound power level Ly (dB re W = 1pW) radiated fron the
casing is computed using

Wiw)

T) ; Wlw) =z A <Viw>o, (e . (1lab)
et

L\'.'{m} =10 l(}g]()(

Assuming a source directivity Q(w) associated with the gear-
box mounting condition, the sound pressure level L, (dB re
20uPa) in the far field, given room constant R{e} =& $/(1-a),
at distance r from the casing, is as follows where &{w} is the av-
erage absorption coefficient and S is the room surface area:

s | Rl)

Olw), 4 )

Lp(@) = L{w@) + 10 logy (12)

Application Example

NASA Gearbox. The SEA formulation is verified by compar-
ing resnits with vibro-acoustic responses measured on the
NASA Lewis Research Center helicopter gearbox. A schematic
of the gear noise test facility is given in Fig. 4 which shows the
locations for the casing vibration measurements and un-
weighted L,atr=033m, directly above the top casing plate.
An approximate configuration and nominal dimensions of the
high precision gearbox are shown in Fig. 5. Rigid mount feet at-
tach the four corners of the bottom casing plate to a massive
foundation. High precision gear and pinion which are identical
with 0.006m facewidth and 0.089m diameter are installed.
Four axally preloaded high precision deep groove bali bearings
are used to support 0.03m diameter shafts of length 0.254m on
the casing, The input and output shafts are only coupled tor-
sionally to the rest of the test facility through flexible couplings.
The geared system is driven by a 149kW d.c. motor, over an op-
erational speed range of 1000-3990 rpm. The corresponding
gear mesh frequency o, range is 467-2777 Hz. From the gear
tooth profile and geometry, the gear static transmission error at
o, is computed as: g,{t) = 3.5 sin{w,t), pm.* It may be noted
that even though the practical example case presented here
does not meet all of the requirements for SEA, we still apply
our theory in order to develop an order of magnitude predic-
tion model.

Results

The NASA gearbox is run at each speed of interest and
sound pressure level L, and spatially averaged mean square ac-
celeration level {®® < V2 ») spectra are acquired by processing
the measured data only at corresponding w,; casing motions
were measured for a limited range of ay,. Analogous predic-
tions using the proposed theory are based on the calculations of
TN Which is reported in Table 1. Note that the bearing preload
is taken to be given by the equivalent mean axial deformation
3. = 0.04mm. Note that it is difficult to maintain and even to
measure accnrately the preload required for each test. Accord-
ingly, there is some uncertainty associated with 1, values.

66

Predicted and measured L, spectra on I/3-octave basis are
compared in Fig. 6(a) for y=10, 6,=0,; and 3,=0.04nun. The
second term in Eq. (12) is dominated by Q/(47r°) since #/R <<
Q/4mr?) for the NASA test facility due to @ = 1.0 and room
surface area S being very large. Predictions are found to be
within +10dB of the measured values for tvpical lightly
damped structural dissipation loss factor 0.004<n,.£0.04. Fig-
ure 6(b) shows the comparison of casing acceleration between
theory and experiment. The experimental curve represents the
averaged value of the measurements made at three casing plate
locations (top plate, side plate with bearings and side plate
without bearings). Again, predicted acceleration spectra, which
are similar to those found for the sound pressure level, are in
reasonable agreement with the measured spectrum given tvpi-
cal values of 1, and v. In general, we observe that the response
level decreases with increasing 1. Also, comparisons suggest
that 7, in this system may be frequency dependent.

Next we vary ¥ but keep n,=0.02 in Fig. 7. Comparison be-
tween theory and measurements also indicates that y=10 is the
best fit for the experimental data, especially at the higher fre-
quencies. This result is reasonable since the dissipation loss fac-
tor 1, of subsystem consisting of gears, bearings and load is tvp-
ically much higher than the internal loss factor n, for a lightly
damped casing. Here, radiation efficiency o) have been used
with 8.=0.04mm. Now we investigate the eflect of casing plate
radiation efficiency ©, on L,,. Figure 8 compares o, and 0,,.
Based on the comparison with experiment it seems that the ra-
diation efficiency of the NASA gearbox is better modeled with
6, although the measured L, curve is mostly between o, and
G, curves. Differences between 6., and 0, are significant at
lower frequencies, but the variation never exceeds 10dB over
the entire frequency range of interest. This result is consistent
with other experimental observations of typical gearbox sys-
tems having nearlv unity radiation efficiencies.’® It may be
noted that since the acoustic energy radiated W{w) is signifi-
cantly smaller than the energy dissipated by the system, virtu-
ally no change is found in the predicted casing acceleration

spectra by varying ©,.

microphone u —4‘

038 m
Gearbox

Speed Increaser

Dynamometer

Figure 4. Schematic of the NASA Lewis Research Center spur gear

noise test facility
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Figure 5. Schematic of the NASA gearbox.
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TABLE 1

CoUPLING Loss FACTOR n,. FOR THE NASA GEARBOX

One-third Octave
Band Center Frequenev (Hz) Cuupling Loss Factor 1.
S0 1.88x 107
630 1.96x 107
500 209x 107
1000 23T 107
1250 260x 107
1600 33rx 10
2000 5587x10
2500 23ix 107
3150 00391 < 1074
1000 0421 x 1074

Bearing parameters: deep groove ball bearing tvpe. mumber of
rolling elements=12. radial clearance =0.0053mm. pitch diame-
ter=35.5mm. and unloaded distance between inner and outer
racewiy groove curvature centers=0.0623mm.
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Figure 6. Compnrison between theory and experiment (y=10, Q=2,

6.=0.. 0,= 0.04mnt
vat) sound pressure level
iblspatially averaged casing acedleration
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Figure 7. Effece of y=nm, on predicted L, in=0.02 Q=2 0.=5,;.
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Figure 8. Sound pressure level prediction with hwo o, formsdations:
O = 1.0 tideal radiator] and o, for simply-supported plate =10,
Q=2 n=002 8=0.04mm)

Conclusion

A simplified SEA model has been developed for a generic
gearbox. This model includes a theoretical coupling loss factor
associated with the transinission of vibratorv energy throngh
the dominant path._ i.e.. rolling element bearings. The NASA
Lewis Research Center gearbox is used as an example. Experi-
mental results are in reasonable agreement with the proposed
SEA model even though many simplifving assumptions are in-
volved; discrepancies are ulso due to the fact that there are un-
certainties associated with the estimation of systen parameters.
Accordingly the proposed formalation should he cousidered us
an order of magnitede model. Further investigation is needed
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to resolve several research issues such us the interaction be-
tween shaft torsional and bending modes. The model pre-
sented here could also be expanded to examine energy sharing
between vurious subsvstens in a nrulti-mesh geared systemn.
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