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This paper proposes a refined analytical model, based on the Rayleigh-Ritz method, for
vibration of a thin rectangular plate with free boundaries and active and passive damping
patches. An acoustic radiation model is also presented which approximates the far-field
sound pressure field induced by the plate motion. Case studies of active and passive patches
are compared to demonstrate significant vibratory and acoustic attenuation for both
broadband and narrowband excitations. A laboratory experiment is used to validate the
proposed model, which can be used to determine how patch locations and configurations
improve attenuation characteristics. Such a model is of practical importance as structures
in a variety of industries (e.g. automotive and aerospace) can be approximated by classical
geometries such as thin plates and shells. Compact patches pose a pragmatic solution as
they add minimal weight and complexity. Though passive and active methods for noise,
vibration, and harshness reduction have heretofore been separately studied, little research
has been done on the combined patch approach, in particular with application to acoustic
radiation. As such, a computationally-efficient model is still needed to complement largescale codes for parametric design studies, a method which this paper seeks to provide.
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INTRODUCTION

Compact damping patches offer potentially attractive solutions to control noise and
vibration for a variety of industries, including automotive, aerospace, marine, and appliance, as
they add minimal weight and complexity. Significant prior research has been completed on the
attenuation characteristics of active patches (such as piezoelectrics), used for both vibration
cancelling1 and shunt damping2. Passive constrained layer patches3,4 have also been used to
increase the modal damping of structures. Such studies typically deal with classical geometries1–
7
; however, the effects of concurrent active and passive patches have yet to be studied,
particularly for sound radiation from two-dimensional plate geometries using analytical and
experimental techniques. As such, the objectives of this paper are as follows. 1) Propose a
refined analytical model for vibration and radiated sound from a thin plate with active and/or
passive patches. 2) Validate this model with controlled laboratory experiments. 3) Conduct
a
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illustrative case studies to determine the efficacy of active and/or passive patches for noise and
vibration reduction. Some of the mathematical details of the model are formulated by Plattenburg
et al.8, and thus only a condensed version is presented here.
The scope of this work is limited to thin, rectangular, elastic plates with free boundaries.
Acoustic radiation will be considered only in the far-field, say from 500 to 1500 Hz. This
problem, with the frequency range of interest in particular, stems largely from emerging trends of
light-weighting in vehicle industries, which tend to increase vibration and radiated sound. In
addition, thin, plate-like vehicle components in hybrid and electric vehicles can be susceptible to
sound and vibration in a wider frequency range than with traditional vehicles. Furthermore, in
appliance industries, thin sheet metal covers are often used which have vibratory characteristics
similar to the plates of this study. Thus, there is a need for improved damping methods—such as
compact active or passive patches—as well as enhanced models to predict the sound and
vibration response and perform parametric design studies.
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PROBLEM FORUMULATION FOR PLATE VIBRATION

Consider a thin rectangular plate of dimension L x × L y and thickness h. The plate has free
boundaries and is made from a material with Young’s modulus E, density ρ, Poisson’s ratio ν,
and structural damping η. The plate, termed layer 1, may also have a number of active and/or
passive damping patches, as shown in Figure 1. Passive patches consist of two layers: a
constraining layer (layer 3) and a viscoelastic core (layer 2) with large structural damping.
Piezoelectric active patches (layer C) will be assumed to be thin relative to h (thus only
negligibly affecting the plate mass and stiffness) and undergo axial extension in the x and/or y
directions. The plate may also have an external forcing from a disturbance, F d , resulting in
motion of the base structure as well as a radiated sound pressure field, p.
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Fig. 1 – Example case: rectangular free plate system with active and passive patches
To quantify the motion of the base structure, the Rayleigh-Ritz method9 is used. It is
assumed that the transverse (z-direction) motion of the base plate, w, is harmonic and written as a
linear combination of N assumed shape functions, ϕ (x, y), with weighting coefficients, q, as:
N

jwt
=
w ( x, y; w ) e=
∑ qiφi ( x, y ) e jwt qTΦ ( x, y ) .
i =1

(1)

Here, bold terms denote vectors (N × 1) and pure harmonic response at frequency ω is assumed.
The in-plane motions, u and v, as well as shear deformations, γ x and γ y , can be similarly
expressed for all three layers. Kung and Singh2 define a minimization scheme that allows all
motions for all 3 layers to be expressed in terms of the layer 1 flexural shape function vector, Φ,
reducing the order of the problem to N. The kinetic and potential energy, T i and U i , for the ith
layer (i = 1, 2, 3) are given by the plate vibration equations from Soedel10. Total kinetic and
potential energy of the system are obtained in terms of the unknown weighting factors in q by
summing the energies over all three layers and for all passive patches. For a more detailed
derivation of these steps, the reader is referred to the literature2,8.
Non-conservative forcing is introduced to the system by F d (assumed as a point force) and
the input from the active patches, which can be modeled as line moments at the patch
boundaries5. The generalized forcing vector, Q, is defined as follows, where F (x, y) is the spatial
distribution of all non-conservative forces:

Q = ∫∫ F ( x, y ) Φ ( x, y ) dxdy.

(2)

A1

Lagrange’s equation is applied to the energies with respect to the unknown displacement
weighting vector q, while maintaining Q on the right-hand side. The matrix system of equations
 + Kq =
Q , where M and K are equivalent mass and stiffness matrices8.
is then obtained as Mq
Assuming harmonic excitation and response at ω, the governing equations are written as:

{

}

 +Q
 ,
 − ω 2M  q =
K
Q
d
c


(3)

where the tilde (~) represents a complex-valued quantity from the loss factor concept, and c and
d subscripts refer to the phase-linked active patch control input and the disturbance input F d ,
respectively.
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FORCED HARMONIC RESPONSES AND EXPERIMENTAL VALIDAITION

From the preceding section, Eqn. (3) with Q c = Q d = 0 is used to determine the plate natural
frequencies, modal loss factors, and mode shapes. In addition, the harmonic forced response is
determined by evaluating q as a function of frequency and computing the motion, w, from Eqn.
(1). Physical dimensions and material properties of the example case, an undamped plate, are
given in Table 1 (along with patch properties). Selected natural frequencies, along with
corresponding modal indices of the undamped system, are summarized in Table 2. A comparison
with the commercial finite element software, Abaqus11, shows good agreement.
Table 1 – Material properties for a rectangular plate and patches
Young’s
Density Poisson’s Thickness
Layer
Material
Modulus [kg-m-3]
Ratio
[mm]
1
Aluminum
63 GPa
2606
0.33
3.2
2
Adhesive
6.2 MPa
730
0.40
0.94
3
Steel
203 GPa
7600
0.30
0.38
C
Composite
31 GPa
0.35
0.3

Loss
Factor
0.0013
1.25
0.005
-

Area (L x × L y )
[mm]
277 × 174
76.2 × 25.4
76.2 × 25.4
28.3 × 16.0

Table 2 – Selected natural frequencies of the undamped plate from Table 1
Natural Frequency [Hz]
Mode
Modal Index
Analytical
FEM*
Experimental
1
(1, 1)
210
204
203
2
(2, 0)
223
211
210
3
(2, 1)
483
466
468
4
(0, 2)
566
554
552
6
(1, 2)
710
703
709
8
(2, 2)
1061
1026
1023
9
(4, 0)
1206
1192
1193
*Finite Element Method: Abaqus with shell elements

Modal indices, (m, n), are the number of nodal lines parallel to the y and x axes, respectively.
The displacement shape of the (4, 0) mode is shown in Figure 2a. The cross-point accelerance
spectrum (defined as acceleration per unit input force), G af , at measurement location
( x0 , y0 ) = ( 0.025, 0.025) due to forcing at ( xd , yd ) = ( 0.45, 0.45) is plotted in Figure 2b. Here,

(a)

(b)
1

Re (w)

0.5
0
-0.5
-1
0.15

0.1

0.05

Plate Width, y [m]

0

0

0.1

0.2

Plate Length, x [m]

Accelerance Magnitude, |Gaf | [dB re 1 g/N]

over-bars indicate locations normalized by plate length (i.e. x = x Lx ). The peaks in the
spectrum are seen to correlate with the expected natural frequencies from Table 2. The (4, 0)
mode, shown in Figure 2a and circled in the magnitude spectrum of Figure 2b, will be considered
as the primary mode of interest for this study, as it is within the desired frequency range, has low
modal damping, and is well isolated.
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Fig. 2 – Vibration predictions: (a) displacement shape of the (4, 0) mode; (b) cross-point
accelerance spectrum with the (4, 0) mode indicated
The proposed model has been validated extensively in terms of vibration8, and a subset of
those experimental results is presented here. An impact hammer test is used to determine the
undamped natural frequencies, and the results in Table 2 show good correlation with theory and
FEM. The hammer is also used to excite the plate with a single damping patch (located to target
the (2, 2) and (4, 0) modes), and the cross point accelerance is measured. This measurement,
along with the corresponding analytical prediction, is shown in Figure 3a, where good agreement
is seen. Modal loss factors are estimated using a least squares algorithm and compared with the
analytical prediction for a different patch configuration (to target the (4, 0) mode but not the (2,
2) mode) in Figure 3b. Again, good agreement is observed. Additional validation studies, in
terms of vibration response with an active patch, are reported in a prior paper8.

(b)

60

0.012

40

0.01

20

0.008

Loss Factor, η

Accelerance Magnitude, |Gaf | [dB re 1 g/N]

(a)

0
-20

0.004
0.002

-40
-60

0.006

500
1000
Frequency [Hz]

1500

0

2

3

4
5
6
Mode Number

8

9

Fig 3 – Experimental validation of theory for passive patches: (a) accelerance magnitude
spectra, prediction (—) and measurement (···); (b) modal loss factors, prediction (■)
and measurement (□) with error bars
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ACOUSTIC RADIATION MODEL AND EXPERIMENTAL VALIDATION

A far-field acoustic radiation model, using the Rayleigh integral approximation12, is
presented here. The plate is assumed to be surrounded by an infinite baffle in the plane z = 0, and
radiates sound into the semi-infinite +z space due to the transverse motion—w (x, y) from Eqn.
(1). The harmonic acoustic pressure amplitude in Cartesian coordinates, p (xʹ, yʹ, zʹ), where the
(xʹ, yʹ, zʹ) coordinate system has its origin at the center of the plate, is given in the far field by12:
Lx Ly

p ( x′, y′, z ′; w ) = r aw 2 ∫
0

2

e − jkr
∫0 w ( x, y ) 2p r dxdy

(4a)

2

Ly 
L  
2

r =  x′ − x + x  +  y ′ − y +  + ( z ′ ) .
2  
2 

2

(4b)

Here, ρ a is the acoustic fluid density, k = ω/c o is the acoustic wavenumber where c o is the speed
of sound in the acoustic fluid (here, air), and r is the distance from a given point on the plate (x,
y, z = 0) to an observer in the semi-infinite space, (xʹ, yʹ, zʹ > 0). Sound pressure level (SPL), L p ,
is defined as follows, where p rms is the RMS value of p and p ref is the reference pressure, 20 μPa:
2 
 prms
p
=
L p [ dB ] 10
=
log10  2  20 log10  rms
 p 
 p
 ref 
 ref


 .


(5)

Analyses will be performed at harmonic frequency from 500 to 1500 Hz and at the mode of
interest, for which the frequency ω is determined from Table 2 as ω n [rad/s] = 2π f n [Hz]. To
ensure that measurements are made in the far-field (regime of validity for Eq. 4), we must satisfy
kr >> 1. Beyond 500 Hz and at measurement distance r ≈ 0.5 m, kr ≥ 5 is sufficient for the farfield approximation. A single spatial location above the plate (xʹ = 0, yʹ = 0) is used for
measurement. While the effect of patches on the spatial variation of p is outside the scope of this
paper, this concept may be studied in the future.

An analogous experiment is designed and built for validation of the acoustic model. The
experiment consists of placing the plate (with free boundaries and no baffle) from Figure 1 (with
excitation from an electrodynamic shaker) in an anechoic chamber where both acoustic and
vibratory measurements can be made. A schematic of this experiment is shown in Figure 4.
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Fig. 4 – Vibro-acoustic experiment with shaker excitation in anechoic chamber
Using Eqn. (4a), the acoustic sensitivity spectrum, G pf (defined as pressure per input force)
is written as:

G pf (ωωω
) = p ( ) F ( ) .

(6)

Acoustic Sensitivity, |Gpf | [dB re 20 µ Pa/N]
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This transfer function is predicted at (xʹ, yʹ, zʹ) = (0, 0, 0.5 m) and its magnitude is plotted in
Figure 5a (solid black line). Here, high sound pressure levels are seen corresponding to the
resonant modes (in particular, the (0, 2), (2, 2) and (4, 0) modes). Away from resonance, the
sound pressure is relatively uniform, consistent with “below-coincidence frequency” response. A
corresponding experiment is performed by measuring the acoustic sensitivity spectrum due to the
point-like excitation force from a shaker at the same (xʹ, yʹ, zʹ) location, and the measurements
are given in Figure 5b (again, solid black line). Away from resonances, relatively uniform sound
pressure is seen, and at resonances G pf is significantly increased. Overall, relatively good
correlation is seen between experiment and the model in the frequency range of interest.
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Fig. 5 – Radiated sound pressure spectra (normalized by input force), undamped plate (—), and
plate with passive damping patch (···): (a) prediction; (b) measurement
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CASE STUDIES FOR ACTIVE AND PASSIVE PATCHES

For Case 1, a passive patch is applied to the structure to increase modal damping. Next, for
Case 2, an active patch is used to enact active control by cancelling out radiated sound (near the
(4, 0) mode) at a measurement location induced by a disturbance. The patch locations for the two
cases, along with force input location and acceleration measurement location, are shown in
Figure 6.
(a)

(b)

Fig. 6 – Patch locations, with passive patch (■), active patch (■), force location (●) and
acceleration measurement location (+): (a) Case 1; (b) Case 2
For the first case, a harmonic force input is assumed (up to 1500 Hz) and the acoustic
sensitivity G pf is determined. The results from the model are shown in Figure 5a. Here
significant insertion loss (IL), relative to the undamped case, of the (4, 0) mode is observed (~22
dB), while less reduction is seen at the (2, 2) mode. Insertion loss is defined as the difference in
SPL between the treated and baseline (virtually undamped plate) cases:
 p ,baseline 
=
IL 20 log10  rms =
 L p ,baseline − L p ,treated .
 p
rms
treated
,



(7)

The corresponding experiment (Figure 5b) yields similar results with no attenuation at the (2, 2)
mode and significant damping of the (4, 0) mode. The measured IL at the (4, 0) mode is around
13 dB in this case, though it should be noted that in the “undamped” case, the accelerometer on
the plate added additional damping and mass loading. As such, it would be expected that the
model would over-predict the attenuation relative to the experiment. Nevertheless, the model
shows good agreement with the trends observed experimentally, in particular significant
attenuation of the mode of interest.
For Case 2 of Figure 6, the force excitation is assumed as a narrowband sinusoidal signal
near the (4, 0) natural frequency. Here the control input to the active patch is chosen such that p
(induced by the active patch) at the acoustic field measurement location is equal in magnitude,
but out of phase from p induced by the disturbance force (0.063 N peak at 1206 Hz). The relative
phase between the control input and force is swept from −180° to 180° for reference. The
resulting radiated sound pressure as predicted by the model is shown in Figure 7a. Observe that
the control and disturbance amplitudes are equal and at an “optimal” phase angle (here around
180°), the radiated sound pressure is reduced by nearly 40 dB. At an angle of 180° opposite the
optimal value, the amplitude is increased by 6 dB. A corresponding experiment (with excitation
at 1135 Hz) again yields similar results, shown in Figure 7b.
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Fig. 7 – Active control of sound pressure level at (4, 0) mode as a function of control phase,
with response from force (—) and from control (- - -): (a) prediction of controlled SPL
(—); (b) measurement of controlled SPL (-○-)
At the optimal phase, IL of nearly 30 dB is seen; note that this value is highly dependent on very
precise control parameters, the fidelity of the measurement system, and the noise floor
amplitude. The optimal phase here is seen to be around 165°, rather than 180° due to the
dynamics of the shaker and the active patch (i.e. phase lag induced by capacitance, etc.). Overall,
the agreement between the model and experiment is good, showing significant reduction of the
sound pressure level.
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CONCLUSION

This paper presents a refined model for the vibration and radiated sound of a thin plate with
compact active and passive damping patches. The model is validated with laboratory
experiments in terms of the natural frequencies, modal damping ratios, and forced response. The
acoustic radiation from the frequency range of interest is also validated with microphone
measurements at a selected location, where good agreement is seen. Two case studies are then
investigated using a passive damping patch as well as active control with an active patch. Both
methods are found to result in significant attenuation of sound pressure at a targeted mode, as
summarized in Table 3. Approximate vibratory IL results from a prior paper8 are also included
for the sake of comparison. It should be noted that all IL measurements should be considered ±2
dB due to measurement uncertainty and simplifying assumptions in the model. The proposed
analytical model gives reasonable predictions in terms of the vibration and radiated sound
pressure for the undamped case as well as with active and passive patches, and shows some of
the benefits of using active noise and vibration control.
Table 3 – Acoustic and vibration insertion losses for two cases at the (4, 0) mode
Acoustic IL [dB]
Vibration IL8 [dB]
Predicted Measured
Predicted Measured
Case 1 (Passive Patch)
22
13
14
14
Case 2 (Active Patch)
39
28
42
49
Improvement over Passive
17
15
28
35

In a recent work8, the effect of combining active and passive patches for vibration control is
investigated, where a complicated interaction involving the control phase is found. While the
current research is still in progress, future studies are expected to extend the acoustic model
proposed here to the combined active and passive patch case. This study would be of particular
importance, as the acoustic radiation problem involves complicated phase effects to begin with,
and comprehensive models, as proposed here, would be needed to address the additional
complications induced by active and passive patches. Overall, the simplified models presented in
this paper provide valuable insight into the acoustic radiation problem. This method should allow
rapid analysis and parametric design studies in terms of active and passive patches for the many
structures in industry that may be approximated as thin plates with classical boundary conditions
and well defined mode shapes.
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